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Answer all questions.

1 The line l has equation r ¼ ð1þ 4tÞiþ ð�2þ 12tÞjþ ð1� 3tÞk .

(a) Write down a direction vector for l. (1 mark)

(b) (i) Find direction cosines for l. (2 marks)

(ii) Explain the geometrical significance of the direction cosines in relation to l.

(1 mark)

(c) Write down a vector equation for l in the form ðr� aÞ � b ¼ 0 . (2 marks)

2 The 2� 2 matrices A and B are such that

AB ¼ 9 1

7 13

� �
and BA ¼ 14 2

1 8

� �

Without finding A and B:

(a) find the value of detB, given that detA ¼ 10; (3 marks)

(b) determine the 2� 2 matrices C and D given by

C ¼ ðBTATÞ and D ¼ ðATBTÞT

where MT denotes the transpose of matrix M. (3 marks)
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3 The points X , Y and Z have position vectors

x ¼
2

3

2

2
4

3
5, y ¼

5

7

4

2
4

3
5 and z ¼

�8

1

a

2
4

3
5

respectively, relative to the origin O.

(a) Find:

(i) x� y ; (2 marks)

(ii) ðx� yÞ . z . (2 marks)

(b) Using these results, or otherwise, find:

(i) the area of triangle OXY ; (2 marks)

(ii) the value of a for which x, y and z are linearly dependent. (2 marks)

4 (a) Given that �1 is an eigenvalue of the matrix M ¼
1 2 2

2 1 2

2 2 3

2
4

3
5 , find a corresponding

eigenvector. (3 marks)

(b) Determine the other two eigenvalues of M, expressing each answer in its simplest surd

form. (8 marks)

5 (a) Expand the determinant

D ¼
1 1 1

x y z

z x y

������
������ (2 marks)

(b) Show that ðxþ yþ zÞ is a factor of the determinant

D ¼
x y z

y� z z� x x� y

xþ z yþ x zþ y

������
������ (2 marks)

(c) Show that D ¼ kðxþ yþ zÞD for some integer k. (3 marks)

Turn over

s
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6 The line L and the plane P are, respectively, given by the equations

r ¼
2

3

5

2
4

3
5þ l

1

�1

4

2
4

3
5 and r .

0

1

1

2
4

3
5 ¼ 20

(a) Determine the size of the acute angle between L and P . (4 marks)

(b) The point P has coordinates ð10, �5, 37Þ.

(i) Show that P lies on L. (1 mark)

(ii) Find the coordinates of the point Q where L meets P . (4 marks)

(iii) Deduce the distance PQ and the shortest distance from P to P . (3 marks)

7 Two fixed planes have equations

x� 2yþ z ¼ �1

�xþ yþ 3z ¼ 3

(a) The point P, whose z-coordinate is l , lies on the line of intersection of these two

planes. Find the x- and y-coordinates of P in terms of l . (3 marks)

(b) The point P also lies on the variable plane with equation 5xþ kyþ 17z ¼ 1 . Show

that

ðk þ 13Þð2l � 1Þ ¼ 0 (3 marks)

(c) For the system of equations

x� 2yþ z ¼ �1

�xþ yþ 3z ¼ 3

5xþ kyþ 17z ¼ 1

determine the solution(s), if any, of the system, and their geometrical significance in

relation to the three planes, in the cases:

(i) k ¼ �13 ;

(ii) k 6¼ �13 . (6 marks)
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8 The plane transformation T has matrix A ¼ 1 �2

2 1

� �
, and maps points ðx, yÞ onto image

points ðX , Y Þ such that

X

Y

� �
¼ A

x

y

� �

(a) (i) Find A�1 . (2 marks)

(ii) Hence express each of x and y in terms of X and Y . (2 marks)

(b) Give a full geometrical description of T. (5 marks)

(c) Any plane curve with equation of the form
x2

p
þ y2

q
¼ 1 , where p and q are distinct

positive constants, is an ellipse.

(i) Show that the curve E with equation 6x2 þ y2 ¼ 3 is an ellipse. (1 mark)

(ii) Deduce that the image of the curve E under T has equation

2X 2 þ 4XY þ 5Y2 ¼ 15 (2 marks)

(iii) Explain why the curve with equation 2x2 þ 4xyþ 5y2 ¼ 15 is an ellipse.

(1 mark)

END OF QUESTIONS
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